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We show that in a quantum adiabatic evolution, even though the adiabatic approximation is valid, 
the total phase of the final state indicated by the adiabatic theorem may evidently differ from the 
actual total phase. This invalidates the application of the linearity and the adiabatic approximation 
simultaneously. Besides, based on this observation we point out the mistake in the traditional proof 
for the adiabatic theorem. This mistake is the root of the troubles that the adiabatic theorem has 
met. We also show that a similar mistake remains in some recent modifications of the traditional 
adiabatic theorem attempting to eliminate the troubles. 
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The adiabatic theorem 0, Q is an important result in 
quantum theory, which has a long history. Since discov- 
ered, it has been widely applied in various areas of physics 
such as nuclear physics, quantum field theory and so on. 
This theorem states that if the the state of a quantum 
system is governed by a slowly changing Hamiltonian, 
and if the initial state of this system is one of the eigen- 
states of the initial Hamiltonian, then the state of the sys- 
tem at any time will be the corresponding eigenstate of 
the Hamiltonian of that time up to a multiplicative phase 
factor. About two decades ago, when studying circular 
adiabatic evolution, Berry discovered a new phenomenon 
called geometric phase 3L which has been generalized to 
many other cases 0, [5, @, 0|- Besides, since quantum 
information science bloomed, quantum adiabatic theo- 
rem has been employed essentially in two very impor- 
tant schemes of quantum computation, namely geomet- 
ric quantum computation [H, Q and quantum adiabatic 
computation [irj| . 

On the other hand, adiabatic theorem has been reex- 
amined in the recent years. Some authors [ll|, EH 
noted that one must be careful in employing the adia- 
batic theorem. Concretely, Marzlin and Sanders demon- 
strated that a perfunctory application of the theorem 
may lead to an inconsistency [ll|. Furthermore, Tong 
et al. pointed out that the root of the inconsistency is 
that the traditional adiabatic conditions are not suffi- 
cient to guarantee the validity of adiabatic approxima- 
tion [lij ]. To eliminate the inconsistency, some modified 
adiabatic conditions have been proposed, such as those 
in Refs.0,[l5|,[l6|. 

In this letter, we propose a new approach to revisit 
quantum adiabatic theorem. We show that, in an adi- 
abatic evolution, even if the adiabatic approximation is 
valid under some conditions , the total phase indicated 
by the adiabatic theorem may differ evidently from the 
actual value. Here, "the validity of the adiabatic approx- 
imation" means that the state of the system equals ap- 
proximatively to some eigenstate of the Hamiltonian up 
to a phase factor all the time. For convenience, we call 
the phase of this phase factor total phase. Generally, the 



global phase of a quantum state is not important from an 
observational point of view. However, the global phase 
can be changed to a relative phase when we combine 
the adiabatic approximation and the linearity, the well- 
known property of quantum mechanics. Different relative 
phases may give rise to physically observable differences, 
so our result points out that the linearity of adiabatic 
approximation may fail. Therefore, errors in the approx- 
imation of phase may lead to severe problems when lin- 
earity is also used. On the other hand, by reexamining 
the adiabatic theorem based on this observation, we re- 
veal the mistake in its traditional proof. It is this mis- 
take that makes the traditional adiabatic conditions not 
sufficient to guarantee the validity of adiabatic approxi- 
mation. At last, we show that there are similar problems 
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with some modified adiabatic conditions 

For convenience of the later presentation, let us recall 
the quantum adiabatic theorem and its traditional proof. 

Suppose we have a quantum system and the evolution 
of its state |^(i))(io < t) is governed by a time-dependent 
Hamiltonian H(t). Suppose the initial state \ip(to)) = 
\Ek{to)} is an eigenstate of the initial Hamiltonian H(to). 
In the instantaneous eigenbasis \E n {t)) of H(t), the state 
can be expressed as 



-if E n 



\En(t)), 



(1) 



where J E n — f E n (t')dt' . Substituting Eq.(l) into the 
Schrodinger equation 



(2) 



we obtain the following differential equation: 

#« = -^e I ^ B "- £ ™V m (i?j4n). (3) 



If it holds that 



\(E n \E m )\ < \E n - E m \, n^m, 



(4) 
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the phase factor exp (i J (E n — E m )) in Eq.(3) will be a 
rapid oscillation. This can make transitions to other lev- 
els negligible, and results in 



\i>{t))^e-^ Ek e-^ E ^\E k {t)). 



(5) 



Here we call Eq.(4) the traditional adiabatic conditions. 
The standard adiabatic theorem states that, if these con- 
ditions hold, we have approximation Eq.(5). 

One can also prove this theorem as follows. Suppose 

\e i (t))=e-S( E ^\E i (t)), i = l,...,N. (6) 

In the new instantaneous eigenbasis \e n (t)} of H(t), the 
state can be expressed as (ipn's are different from those 
of the above) 



W)) =X>n(*> 



-ifE„ 



e„(t)>. 



(7) 



Substituting Eq.(7) into the Schrodinger equation gives 



iipn 



-iJ2 eiREn ' Em) ^{e n \e m ). (8) 



Similarly, if 

)\ = \{E n \E m )\<Z\E n -E m \, n^m, (9) 

we know that the integral of the rhs (right hand side) of 
Eq.(8) is negligible, due to which we get (let n = k) 



Note that 



ipk(t ) = 1. 



(10) 

(11) 



We finally get 

W)) ~e-^ E "e-^ E ^\E k (t)), (12) 

which finishes the proof of the traditional adiabatic the- 
orem once more. 

From Eq.(5) we know that after an adiabatic evolu- 
tion, the state of the system has an approximate total 
phase. Now we show that there may be a significant 
gap between this approximate total phase and the cor- 
responding exact total phase. To be concrete, we use a 
simple but interesting example to show this point (See 
also [ll El)- 

Let us consider a spin-half particle in a rotating mag- 
netic field. The Hamiltonian of the system can be written 
as 



_ ujq / cost) smffe 
H[t >~ 2 Uinfle-^' -cos( 



(13) 



where loq is a time-independent parameter defined by the 
magnetic moment of the spin and the intensity of ex- 
ternal magnetic field, lo is the rotating frequency of the 



magnetic field. The instantaneous eigenvalues and eigen- 
states of H (t) are 



\Ei(t)) 



£ -iut/2 sin | 

_ e iu,t/2 cos : 



-iwt/2 cos 6 



(14) 



(15) 



(16) 



respectively. The adiabatic conditions Eq.(4) are satis- 
fied as long as 



luq 3> to sin ( 



(17) 



Suppose that the system is initially in the state \E% (0)) . 
At time t, according to the adiabatic theorem, the system 
will be in the instantaneous eigenstate \E\(t)) up to a 
phase factor. This approximate total phase 7(1") can be 
calculated by Eq.(5), 



7(r) = -/ E +i j (E Q \E ). (18) 
Substituting Eqs.(14)-(16) into Eq.(18) gives 

7(r) = ~(uq + u cos 0). (19) 

On the other hand, we can evaluate this total phase al- 
most without any approximation. Let us express the ex- 
act state of the system as 



\m) = <t)\Ei{t))+mMt))- 



(20) 



By solving the Schrodinger equation it can be checked 
that 

Lot .LUq+UJ cos 9 . Ult 

a(t) = cos— — 1 sin— , (21) 

2 lo 2 



, . . lo sin 9 . tot 
b(t) = 1 — - — sin-, 

LO 2 



(22) 



where lo = \J lo 2 + lo 2 + 2loloq cos 9. 

When the traditional adiabatic condition Eq.(17) is 
satisfied, b(t) -> 0, so \ip(t)) w a(t)\Ei(t)). Then we 
can regard the exact total phase as 

LOT LOq + LO COS 9 , LOT 

7 r = arg cos — - 1 sin — ) 

2 lo 2 

LOT 



We finally get 



7(t) - 7(r) 



-(loq + lo cos 9) 



lo 2 sin 2 1 



2 lo + (loq + lo cos ( 
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That is to say, the difference between 7(7-) and 7(7-) in- 
creases approximately linearly with the running time r 
(See FIG. 1 for details, where d(r) = 7(7-) — 7(7-) and 
to = 27t/oj is the period of the Hamiltonian H(t)). Ac- 
cording to Fig. 1, we know that the difference becomes 
remarkable when the running time is very long. 
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FIG. 1: Computer simulated result of the difference between 
the approximate total phase and the exact total phase, where 
lo = 0.01, wo = 10,0 = tt/6. 

Thus we have shown the total phase given by the tra- 
ditional adiabatic theorem may have a remarkable error 
if the running time is very long. As a result, we must be 
careful if we combine the linearity of quantum mechan- 
ics and adiabatic approximation. Concretely, we can use 
the previous example to illustrate this point. Suppose 
the initial state of the system is 

|^(0)) = ^1^(0)) + ^|£ 2 (0)>. (23) 

Note that no matter which eigenstate the initial state is, 
the traditional adiabatic conditions arc the same, because 



I (E^Ei) I = I (E 2 \Ex) I . 



(24) 



If the linearity of adiabatic approximation is valid, and 
if the common adiabatic condition 



|(£i|# 2 )| < |£i -E 2 \. 



(25) 



is satisfied, it can be checked that the final state of the 
system will be 

|V(t)> « -L e - a |£7i(r)) + ^\E 2 {r)), (26) 

where, a = i J E x + J(E 1 \E 1 ). 

However, based on Fig. 1, we know that there must be 
some r such that the exact state of the system 
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W{r)) « -j=e 



■i*|£ 1 (r)) + -^e a +* < |ifc(T)>. (27) 



Note that (i/j(t)\iP' (t)) w 0. That is to say, the final state 
indicated by the linearity of adiabatic approximation is 
far from the exact final state. Thus, in this case the 
linearity of adiabatic approximation fails. 

We have mentioned that the traditional adiabatic the- 
orem has been criticized recently. Thus it is necessary to 
turn back to its proof and find out what is the problem. 
We will scrutinize the proof with the previous example 
in mind. 

According to the proof, if the traditional adiabatic con- 
ditions are fulfilled the integral of the rhs of Eq.(8) will be 
small no matter how long the running time r is. However, 
the example above tell us that this is not true. When gap 
between these two total phase is remarkable, this inte- 
gral cannot be neglected. Thus there must be something 
wrong with the proof. Now we still use the previous ex- 
ample to find out the mistake. We think of the mistake 
as the root of the problem of the traditional adiabatic 
theorem. 

Comparing Eq.(7) and Eq.(20), we have 



uj sin 1 

U! 



. Qt 
■ sin — e 

2 



(28) 



At this time, the rhs of Eq.(8) is (n 



1) 



>ip2(ei\e 2 ) 



lo 



sin — e 
2 



jq +w cos 6 



(29) 

The proof for the traditional adiabatic theorem at the 
beginning of this letter tells us that if the adiabatic con- 
dition 



1 

—lo sin 
2 



= |<ei|e2>| < |£i-£ 2 |= uj 



(30) 



is satisfied, the integral of the rhs of Eq.(29) can be neg- 
ligible. Now we show that this is not true. In fact, 

T , r ■ wt iS i f , , f T . ujt . UJ* 
lm{ sin— e 2 at) = / sin — sin— tat 
Jo 2 ,y 2 2 

=- r 

2 Jo 

--! 

2 Jo 



COS • 



cos ■ 



uj + UJ* 



■ sin ■ 



UJ — UJ* 

1 

UJ + UJ* 



UJ + UJ* 

sin r, 



where lo* = uj + uj cos 9. Suppose ujo ~> uj sin 9, it can be 
checked that 



'f(^- E ^^ 2 ( ei \e 2 }dt) w -2sin! 



Im( f , 
Jo 

At the same time, 

Re{ [ T e^^-^Me^dt) 
Jo 



uj — UJ 
2 COS T 



(31) 



!)• 
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It is obvious that sin r may be far from when r 
is big. So the integral of the rhs of Eq.(29) cannot be 
negligible for all r. Thus a mistake in the proof for the 
traditional adiabatic theorem is found. When the tradi- 
tional adiabatic conditions are satisfied, though the phase 
factor in Eq.(3) or Eq.(8) provides a rapid oscillation, the 
coefficients ipi may do the same thing. This makes the 
integral that has been ignored not neglectable. This is 
the reason why the traditional adiabatic conditions are 
not sufficient to guarantee the validity of adiabatic ap- 
proximation. 

After the inconsistency was found, several attempts 
have been made to repair the traditional adiabatic condi- 
tions, for example Ref . 14j and Ref. [1 51 ] . If we reexamine 
these new conditions, we will find that there are similar 
problems with the proofs for them. According to these 
two papers, in Eq.(8) we should consider not only the 
absolute value of (e n \e' m ) but also its phase. Then when 
we integrate the rhs of Eq.(8) the integrand has a new 
phase factor. For the example we have considered Eq.(8) 
will be 

ifa = -i^sinO • V> 2 • e^ UJ « +UJCOS ^ t . (33) 
Now the modified adiabatic condition is 



luq + lo cos 8 3> lu sin t 



(34) 



However, we can see that in these two proofs the effects 
of ipn's were not considered. In fact, as we have pointed 
out, ip n 's result in the consequence that the integral we 
have ignored cannot be neglected even if the modified 
adiabatic conditions are fulfilled. 

Before concluding, we should emphasize that we can- 
not say quantum adiabatic theorem is invalid, though 
the traditional adiabatic conditions are insufficient. For 
an example of rigorous and sufficient but a litter com- 
plicated adiabatic conditions, we can see Ref.[17j]. This 
result states that in an adiabatic evolution if the path 
along which the Hamiltonian of the system varies is fixed 
(when the running time changes, the path does not), the 
adiabatic approximation will be valid as long as the evo- 
lution is slow enough. Thus this result guarantees the 
validity of quantum adiabatic computation (loj . 

Another point that should be stressed is that in the 
above example the running time r that makes the adi- 
abatic traditional proof fail is very long (See FIG. 1). 
When r is not very long, the negligence in the proof is 
not fatal, and the adiabatic approximation is very good. 
Furthermore, perhaps in many cases, the phases of the 
rpnS that we ignore is trivial (change slowly), then the 
adiabatic conditions are sufficient. As a consequence, the 
traditional adiabatic conditions are free of problems most 
of the time, but not always. 

In conclusion, we have shown that in a quantum adi- 
abatic evolution the approximate total phase of the final 
state proposed by Berry may differ evidently from the 



corresponding exact total phase when the running time 
is long enough. Because of this difference, we have to be 
very careful if we use both the linearity and quantum adi- 
abatic approximation, especially when the running time 
of the adiabatic evolution is very long. 

On the other hand, based on this difference, we have 
reexamined the traditional proof of the quantum adia- 
batic theorem. We show that there is an evident prob- 
lem in the proof. We think this problem is the origin 
of the troubles the the traditional adiabatic theorem has 
met. This problem also exists in the proofs for some 
modifications of the traditional adiabatic conditions. In 
fact, these proofs all are based on the fact the integrals 
of rapid oscillations vanish. It seems that our discussion 
demonstrates that this is not a good way to lead to rig- 
orous adiabatic conditions. Because we have known that 
ipnS may have a considerable contribution to the inte- 
gral. However, without solving the Schrodinger equation 
we cannot know anything about ipn's. 
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